The recently proposed information convex provides a new framework to look at 2D topological orders. As a main result of the paper, a new derivation of the universal bulk topological contribution ln da (and a similar boundary contribution ln dα) to the von Neumann entropy is presented. These values are shown to be the only values consistent with the strong subadditivity, assuming certain topological dependence of information convex structure. This method also allows us to identify the fusion probabilities, condensation probabilities, and put certain constraints on the fusion theory. We also show that a (unitary) non-Abelian anyon string must be a quantum circuit with circuit depth at least linear in the separation between the pair of anyons.
I. INTRODUCTION
The 2D topological order [1, 2] is a fascinating long-range entangled [3, 4] gapped phase of matter whose ground state has topological entanglement entropy (TEE) [5, 6] . It has a nontrivial ground state degeneracy depend on the system topology. 2D topological orders support topological excitations including anyons in the bulk and boundary topological excitations when it has a gapped boundary. These topological excitations could not be created by local unitary operators, but they could be created by unitary string operators. When considering excited states with a few topological excitations, universal topological contribution of von Neumann entropy from each superselection sector can also be identified. Each bulk superselection sector or anyon type a contributes to the von Neumann entanglement of certain subsystem by ln d a where d a is the quantum dimension of the anyon a, [5, 7] . A similar contribution ln d α from each boundary superselection sector α has been recently obtained from a calculation in the quantum double model [8] , where d α is the quantum dimension of a boundary topological excitation.
Recently, information convex Σ(Ω) is proposed as a new characterization of topological orders [8] , which is applicable to both the bulk and the gapped boundary. Σ(Ω) is a set of density matrices on subsystem Ω, each element is obtained from a density matrix minimizing the Hamiltonian on a subsystem larger than Ω by many correlation length. For topological orders, the information convex is a small dimensional convex set with structure depend on the topology of subsystem Ω. As is already briefly observed in [8] , the information convex characterizes the fusion/condensation multiplicity in addition to the bulk superselection sectors, boundary superselection sectors and their quantum dimensions. The information convex is also a convenient framework to summarize many of the previously known quantum informational properties of topological orders.
Given these universal properties of 2D topological orders, it is quite natural to ask whether certain property follows logically from several other properties and whether there is a unified theoretical framework to describe these properties. Unitary modular tensor category is proposed as a universal framework to describe the bulk phase of the topological order [9] , and the related proposals [10] [11] [12] about gapped boundaries (for non-chiral topological order) [13] [14] [15] [16] [17] [18] are also appear in literature recently. Progress has also been made from quantum informational prospective. It is shown that nonzero TEE is necessary in order to (1) have nontrivial ground state degeneracy [19] ; (2) have topological excitations [20] . Topological orders are shown to be a long-range entangled phase which could be related to a product state only with a quantum circuit whose depth scales at least linear with the system size [4] . It is shown that TEE could be recovered as the difference of von Neumann entropy of two elements in the information convex, one is at the "center" and another is the vacuum sits at a "corner" (or extremal point) [8, 21] .
In this work, we go a step further and show that certain properties of the information convex follow from others. In particular, we derive the ln d a , ln d α topological contributions by showing that they are the only values consistent with the strong subadditivity (SSA) [22] and a set of assumptions concern the topological dependence of information convex structure. This method also allows us to calculate the fusion probability of bulk anyons, boundary topological excitations and the condensation probability from the bulk to a gapped boundary. Also derived are some consistency conditions relating the bulk to the boundary. Moreover, the method allows us to prove that the unitary string operator creating a pair of non-Abelian topological excitations must have depth at least linear in the distance between the excitations.
The results in this paper also show that the information convex may be treated as a theoretical framework with its own predictive power, and it is more than a convenient framework to summarize results obtained by other methods. We hope this work also extends our tool box and provide us with another way to explore the TEE contributions from loop-like excitations and their fusion rules in 3D topological orders.
The rest of the paper is organized as follows. In Sec.II we briefly review the ground states and excitations of topological orders, relevant properties are summarized into a few assumptions. In Sec.III, after describing a key assumption about how information convex encode fusion, we give a new derivation of the ln d a topological contribution to the von Neumann entropy. In Sec.IV, we derive a similar contribution (ln d α ) from each boundary superselection sector α. In Sec. V, we derive a relation about the condensation from bulk to a gapped boundary. In Sec. VI, we provide some more details of the method which reveals the physical interpretations of several probabilities calculated in earlier sections and we also discuss the circuit depth of non-Abelian anyon strings.
II. THE GROUND STATES AND EXCITATIONS OF 2D TOPOLOGICAL ORDERS
A. The ground states
In this subsection, we summarize some relevant properties of topological ordered ground states into assumptions G0, G1, G2 and G3. While there are other equivalent ways to write down or think about the assumptions, we choose to write down the assumptions using mutual information and conditional mutual information. In this way, it is easier to borrow powerful results from quantum information theory. Note that, very similar set of assumptions about the topological ordered ground states has been used in [21] .
In the following, we will use ρ, σ to denote (reduced) density matrices, and use subscripts Ω, ABC for the subsystems. We will use S(σ) ≡ −tr(σ ln σ) to denote the von Neumann entropy. The mutual information is defined as
and the conditional mutual information is defined as
The strong subadditivity (SSA) [22] is the statement that I(A : C|B) ρ ≥ 0 for any density matrix ρ ABC . It is very powerful and miraculous statement which is known to be the source of many nontrivial and interesting statements. A special case of SSA leads to I(A : C) ρ ≥ 0 for any density matrix ρ AC . For a more detailed discussion of mutual information and conditional mutual information, we refer to [23] .
To be concrete, we assume the system either on an infinite plane or a half plane with a single gapped boundary, so that we have only a single ground state |ψ , and let us denote the ground state density matrix as
Generalization to other manifolds are not difficult since a subsystem with simple topology (i.e. the ω 1 and ω 2 below) could not tell what manifold it lives on. The the ground state is gapped, correlation decays exponentially with distance. Therefore, we neglect the correlations at a large enough length scale . The subsystem topologies discussed below make sense only on length scales larger than . Assumption G0. Consider the ground state of a topological order on a infinite plane or a half plane bounded by a gapped boundary. For arbitrary subsystems A and C which are separated by a distance greater than some length scale , the mutual information vanishes
Here A, C can be either in the bulk or touch the boundary.
Remark. It is possible to generalize G0 to other system topology. However, one should aware of potential counter examples. For example, on a generic ground state of a torus T 2 , it is possible to pick two annuluses A and C separated by a large distance such that I(A : C) > 0, see [24] . In this case, each annulus could not shrink to a point by continuous deformation on T 2 . Also notice that if Eq.(4) is satisfied, andσ 1 is related to σ 1 by a finite depth quantum circuit, then I(A : C)σ1 = 0 when A and C are separated by a length scale equals to plus circuit depth.
The following three assumptions G1, G2 and G3 are about the vanishing of conditional mutual information for certain subsystems.
Assumption G1. For the bulk subsystems A, B, C shown in Fig.1a and any bulk subsystems topologically equivalent to this choice, we have
Assumption G2. For the subsystems A, B, C attaches to a gapped boundary shown in Fig.1b and any subsystems topologically equivalent to this choice, we have
Assumption G3. For the subsystems A, B, C shown in Fig.1c and any subsystems topologically equivalent to this choice, we have
Remark. The three assumptions G1, G2 and G3 can be understand in the same fashion, i.e. the von Neumann entropy of a subsystem (of a topological ordered ground state) could be separated into local contributions plus a universal contribution depend on the subsystem topology. For all the cases in Fig.1 , both the local contributions and the topological contributions cancel. Note that, unlike G0, the vanishing of conditional mutual information in G1, G2 and G3 may change under finite depth quantum circuits [25, 26] . Nonetheless, all of the examples involve some sort of symmetry. It is conjectured that for a generic quantum circuit without any symmetry, G1, G2 and G3 still hold. The quantum circuit only changes the scale which determines the minimal separation between A and C.
B. The excitations
In the following, we describe three assumptions S1, S2, S3 about the unitary string operators which could create deconfined topological excitations inside the bulk or along a gapped boundary. In order to state the assumptions, we first need to review superselection sectors.
We use a, b to label bulk superselection sectors or bulk anyon types. Each bulk superselection sector is an equivalent class of deconfined bulk excitations, and the excitations (either a single excitation or several excitations) belong to one class could not be transformed into another class by any local operator. We use α, β to label boundary superselection sectors or boundary topological excitation types. Each boundary superselection sector is a equivalent class of deconfined boundary excitations, and the boundary excitations (either a single excitation or several excitations lying along the boundary) belong to one class could not be transformed into another class by any local operator acting around the boundary.
Assumption S1. A pair of bulk anyons (a,ā) could be created by applying a unitary string operator U (a,ā) with string-like support. The support is inside the bulk and the anyons a andā are localized in a small area near the two ends of the string. The anyons are deconfined and the middle part of the string does not increase the energy density. See Fig.2a .
Assumption S2. A pair of boundary topological excitations (α,ᾱ) along the same gapped boundary, shown in Fig.2b , could be created by applying a unitary string operator U (α,ᾱ) with string-like support. The boundary topological excitations α andᾱ are localized in a small area near the two ends of the string. The support of U (α,ᾱ) touches the boundary since the two ends are along the boundary. On the other hand, the middle part can be either lie along the boundary or stretch into the bulk. The boundary topological excitations are deconfined and the middle part of the string does not increase the energy density.
Assumption S3. A pair of topological excitations (a,ᾱ) shown in Fig.2c , could be created applying a unitary string operator U (a,ᾱ) with string-like support if α is in the condensation channel of a. The bulk anyon a and boundary topological excitationsᾱ are localized in a small area near the two ends of the string. The topological excitations are deconfined and the middle part of the string does not increase the energy density.
Comments:
1. There are references consider anyons be created by string operators without assume the strings operators to be unitary. A comparison of those discussion to our assumptions (about unitary string operators) is presented in appendix A.
2. S1 says that a pair of anyon (a,ā) could be created applying a unitary bulk string U (a,ā) . It does not imply that any state with two anyons (a,ā) could be obtained this way. As is discussed in [8] , a string attaches to the boundary, see Fig.13b , may prepare a different quantum state with (a,ā) lying in the same positions in the bulk.
3. In this paper, we aim to give clear statements about the assumptions but no much effort is made for the assumptions to be independent. In fact S1, S2 and S3 closely related to assumptions about the information convex which we will introduce later. Roughly speaking, the fact that topological orders have locally indistinguishable states and the ability to purify the extremal points on certain manifold almost lead to a proof of S1, S2 and S3, see [8] for a related discussion.
4. In Sec.VI D, we will show that the unitary operators U (a,ā) and U (α,ᾱ) cannot be finite depth quantum circuits (with depth smaller than the separation of the two excitations in real space) when a and α are non-Abelian.
C. A brief review of the information convex
In this subsection, we breifly review the information convex introduced in [8] .
The information convex Σ(Ω) is defined as a set of density matrices on subsystem Ω, each element is obtained from a density matrix minimizing the Hamiltonian on a slightly larger subsystem Ω (which is bigger than Ω at least by the length scale in G0). Note that, this definition is slightly different from the definition presented in [8] , but this definition it is more convenient for our purpose.
For topological orders, the information convex Σ(Ω) is a small dimensional but nontrivial convex set, the structure of which depends on the topology of subsystem Ω. It provides a unique angle to look at the topological order by capturing how topological excitations modify the density matrix on a subsystem away from them and how diverse the density matrices can be. As is already briefly observed in [8] , the information convex characterizes the fusion/condensation multiplicity in addition to the bulk superselection sectors {a}, boundary superselection sectors {α} and their quantum dimensions {d a } and {d α }. The information convex is also a convenient framework to summarize many of the previously known quantum informational properties of topological orders. We will consider subsystems ω 1 , ω 2 , Ω 1 , Ω 2 , Ω 3 , Ω 4 , Ω 5 , Ω 6 in this paper. Each of them is a label of topology and note that the relation to the boundary is considered as part of topological data. Let us start with the simplest topologies ω 1 and ω 2 shown in Fig.3 . We take the following assumptions Assumption ω 1 . For a simply connected disk ω 1 in the bulk, the information convex has a single element, i.e. the reduced density matrix of the ground state
where σ 1 ω1 ≡ trω 1 |ψ ψ|. Where |ψ is a ground state of the system andω 1 is the complement of ω 1 .
Assumption ω 2 . For a simply connected disk ω 2 attaches to the gapped boundary on a single connected component, the information convex has a single element, i.e. the reduced density matrix of the ground state
Where, σ 1 ω2 ≡ trω 2 |ψ ψ|. Where, |ψ is a ground state of the system andω 2 is the complement of ω 2 .
Assumption ω 1 is a convenient way to say that a disk could not tell whether there are excitations on other places. If we apply ω 1 to a manifold with multiple ground states, one recovers a well-known fact that all ground states are indistinguishable on a disk subsystem. The condition ω 1 is also known as the TQO-2 condition [27] which is crucial in the study of perturbations in topological orders. ω 2 is simply a natural generalization of ω 1 to a system with gapped boundaries.
Assumption Ω 1 . For Ω 1 , an annulus in the bulk, the information convex Σ(Ω 1 ) can be written as
where a is the label for bulk superselection sectors (or anyon types) with a = 1 be the vacuum sector. {p a } is a probability distribution and σ a Ω1 are the extremal points. The following structures are assumed.
where f (a) is real, f (1) = 0 and f (a) = f (ā). Hereā is the unique antiparticle of a. One obtains the extremal point σ a Ω1 on an annulus surrounding an anyon a.
Assumption Ω 2 . For Ω 2 touches the boundary, shown in Fig.4 , the information convex Σ(Ω 2 ) can be written as
where α is the label for boundary superselection sectors (or deconfined boundary topological excitations types) with α = 1 be the boundary vacuum sector. Note that we have used the same notation for the bulk vacuum sector and the boundary vacuum sector. {p α } is a probability distribution and σ α Ω2 are the extremal points. The following structures are assumed.
where F (α) is real, F (1) = 0 and F (α) = F (ᾱ). Hereᾱ is the unique antiparticle of α. One obtains the extremal point σ α Ω2 on an Ω 2 surrounding a boundary topological excitation α.
Remark.
Assumptions Ω 1 and Ω 2 summarize how Ω 1 and Ω 2 detect each (bulk or boundary) superselection sector and how each superselection sector contributes to the von Neumann entropy. Intuitively, the string operators U (a,ā) (U (α,ᾱ) ) must pass through the subsystem Ω 1 (Ω 2 ) and this is why the density matrices are modified. Moreover, we argue that the orthogonal relation in Eq. (11) is a many-body effect. For large system sizes, two distinct extremal points must (to a very well approximation) orthogonal to each other as long as (1) they are short-range entangled when viewed as 1D system (the 1D is the radial direction); (2) they have a finite amount of difference on each thin annulus shell. A similar argument could explain the orthogonal relation Eq. (14) .
The real numbers f (a) and F (α) are the universal contribution to von Neumann entropy for each superselection sector. From the quantum double calculation in reference [8] , we learned that f (a) = ln d a and F (α) = ln d α but the result was based on a specific lattice model and we did not provide a general proof. While the bulk contribution ln d a could be verified by other methods, we do not aware other independent calculations of the ln d α boundary contribution. We will fill up this gap by deriving the coefficient f (a) = ln d a and F (α) = ln d α as the unique set of values consistent with SSA and a set of assumptions about the information convex. This new derivation is a main result of this paper.
We would also like to compare the topological contribution ln d a in the S(σ a Ω1 ) and the same topological contribution for a disk containing an anyon. It is known that a disk containing a single anyon will have von Neumann entropy bigger than the ground state von Neumann entropy by ln d a . Note however, this result is for an anyon pinned down to a fixed position. In general, if we allow the anyon on the disk to entangle its position with an anyon on the rest of the system, the entanglement entropy could further grow. intuitively, the topological entanglement and "particle entanglement" are added up. On the other hand, when we consider the von Neumann entropy of an element σ Ω ∈ Σ(Ω), there are no particles inside Ω and we neatly pick out the topological contributions even if the excitations on the rest of the system have "particle entanglement".
We will give explicit statements about Σ(Ω 4 ), Σ(Ω 5 ) and Σ(Ω 6 ) in later sections. These subsystems have the new feature that the fusion multiplicities N c ab , N γ αβ (or condensation multiplicities N α a ) manifest in the structure of extremal points. This is crucial for our method to work because fusion multiplicities contain enough information to derive the quantum dimensions {d a } (and {d α }). Each multiplicity greater than 1 contributes a set of extremal points parameterized by continuous variables. The simplest subsystem which characterizes multiplicities (the condensation multiplicities from bulk anyons to the boundary vacuum) is the Ω 3 explored in [8] , we will see this subsystem in Sec.VI E.
III. FOR THE BULK OF A 2D TOPOLOGICAL ORDER
For the 2D bulk of a topological order, the superselection sectors correspond to the anyon types (the vacuum sector is included). We will use the terminology "bulk superselection sectors", "anyon types" and "topological charges" interchangeably. Let us label the bulk superselection sectors by a, b and c. a = 1 is the label for the vacuum sector. The fusion rule if the anyons can be written as
The goal of this section is to provide a new derivation of the ln d a universal topological contribution of von Neumann entropy given the fusion multiplicity N c ab . In particular, we will show that the ln d a contribution emerges as the only value consistent with SSA and a set of assumptions about the information convex. Similar methods are applied to study boundary topological excitations along a gapped boundary, (see Sec.IV) and the condensation from the bulk to a gapped boundary, see Sec.V. A few other implications will be explored after a more detailed quantum informational discussion in Sec.VI.
A. Preparing for the derivation
In this subsection, we state and explain the key assumption Ω 4 describing the way N Assumption Ω 4 . For a subsystem Ω 4 , a disk with two holes in the bulk, the information convex Σ(Ω 4 ) has the following structure:
The set of extremal points of
When taking trace to reduce σ ∈ Σ (a,b,c) to certain subsystems of Ω 1 topology surrounding each entanglement cut, e.g. the Ω 1 , Ω 1 and Ω 1 in Fig.6a , we get extremal points σ 
has von Neumann entropy:
Here σ 1 Ω4 is short for the unique σ ∈ Σ (a,b,c) . In the context of quantum double model, Ω 4 could be justified by a calculation using the minimal diagram method introduced in [8] . Note that the density matrix in the "center" of Σ ∈ Σ(Ω 4 ) satisfying
• It prepares the extremal point σ a AB when restricted to AB, and it prepares the extremal point σ b BC when restricted to BC. Note that both AB and BC have Ω 1 topology.
• It saturates the conditional mutual information
The proof of proposition III.1 will be presented in Sec.VI. The proof also leads to an identification of fusion probability. For now, we just point out that the proof uses G1, S1, Ω 1 and SSA.
B.
The derivation of the ln da contribution to von Neumann entropy
The goal of this subsection is to present the derivation of the topological contribution in Eq. (29) and the probability in Eq.(30) which will be identified as the fusion probability in Sec.VI C.
First, we use proposition III.1 on (a, b) sector and the vacuum sector (1, 1), to express the von Neumann entropy S(σ 
Note that we have used the extremal point structure from Ω 4 to conclude that σ defined in proposition III.1 must be the element with maximal von Neumann entropy among all elements in Σ(Ω 4 ) which has topological charge a and b on the two entanglement cuts surrounded by Ω 1 and Ω 1 in Fig.6a . This observation follows from SSA, ω 1 and Ω 1 .
In the following, with Ω 4 , we express σ
using the extremal points of Σ(Ω 4 ). From Ω 1 and Ω 4 one can show
The key step uses the following general result. If two density matrices have orthogonal support on smaller subsystem then it has orthogonal supports on larger subsystems. In other words, ρ AB · σ AB = 0 if ρ A · σ A = 0. See appendix B for a proof of this statement. Given the information convex structure in Ω 4 , one could explicitly construct σ by maximizing the von Neumann entropy and find
and σ (25) and
In the calculation of S(σ
Ω4 ) in Eq. (26), we have used the orthogonal relation in Eq. (22) and the following result:
with density matrices ρ i satisfying ρ i · ρ j = 0, ∀i = j.
Here {p i } is a probability distribution. We have obtained two expressions of S(σ 
since f (a) is real, e f (a) ∈ (0, +∞). It is known that this equation has a unique solution with such property, i.e. e f (a) = d a , where d a is the quantum dimension uniquely defined given N c ab , [9] . Also see appendix C for a selfcontained version of the proof using a small amount of assumptions about fusion properties, which applies to both the bulk and the gapped boundary. Therefore, we have obtained the value of the universal topological contribution
To summarize, we have derived the ln d a topological contribution of von Neumann entropy as the only consistent value given assumptions ω 1 , Ω 1 , Ω 4 and proposition III.1 (which will be proved using G1, S1 and Ω 1 ). We have also derived the explicit form of density matrix of σ in Eq. (23) with
Later we will interprete it as the fusion probability, see Sec.VI C. The key of the proof is the saturation of SSA and the structure of information convex.
IV. FOR THE GAPPED BOUNDARY OF A 2D NON-CHIRAL TOPOLOGICAL ORDER
2D non-chiral topological orders may have gapped boundaries [10] [11] [12] [13] [14] [15] [16] [17] [18] . For the same bulk phase, there can be more than one (gapped) boundary types. In each boundary type, there are several boundary superselection sectors [8, 10, 11] or the types of deconfined boundary topological excitations. We denote the boundary superselection sectors using α, β, γ and α = 1 is the boundary vacuum, i.e. the excitation which could be created (or annihilated) by local unitary operators acting near the boundary. Note that the boundary superselection sectors are in general different from bulk superselection sectors. For non-Abelian models they are usually not a subset of bulk superselection sectors. Boundary topological excitations can fuse, and the fusion rule can be written as
A ln d α topological contribution of von Neumann entropy in Ω 2 subsystem (quite similar to the ln d a contribution in the bulk annulus Ω 1 ) is previously obtained in [8] from a calculation in quantum double model.
In this section, we explain that ln d α emerges as the only value consistent with SSA and a set of assumptions about information convex. The method is parallel to the one used in Sec.III. Note however, unlike the bulk fusion rule N Assumption Ω 5 . For a subsystem Ω 5 shown in Fig.7 , i.e. a connected subset of a half plane which has three entanglement cuts touch the same boundary, the information convex Σ(Ω 5 ) has the following structure.
The set of extremal points of When taking trace to reduce σ
∈ Σ (α,β,γ) to certain subsystems of topology Ω 2 surrounding each entanglement cut, i.e. the Ω 2 , Ω 2 and Ω 2 shown in Fig.8a , we get extremal points σ ∈ Σ (α,β,γ) has one to one correspondence withσ (α,β,γ)x , a density matrix on a
. Extremal points on M (α,β,γ) correspond to the pure state density matrices on H (α,β,γ) . The mapping preserves the convex structure, i.e. 
where
has von Neu-mann entropy:
Here σ 1 Ω5 is short for the unique σ • It saturates the conditional mutual information
The proof of proposition IV.1 will be presented in Sec.VI. The proof also leads to an identification of fusion probability. For now, we just point out that the proof uses G2, S2 and Ω 2 and SSA.
B.
The derivation of the ln dα contribution to von Neumann entropy
In this subsection, we derive the universal ln d α topological contribution to von Neuman entropy on subsystem Ω 2 by showing F (α) = ln d α is the only consistent choice given assumptions ω 2 , Ω 2 , Ω 5 and proposition IV.1. Most of the derivation are similar to those we have done in Sec.III B, and we save our explanations in many places.
First, by applying proposition IV.1 to both (α, β) sector and the vacuum sector (1, 1) and compare them, we find
Note that Ω 5 , Ω 2 , ω 2 are used in order to obtain this result. Next, we notice that the σ
defined in proposition IV.1 must be the element with maximal von Neumann entropy among all elements in Σ(Ω 5 ) which has topological charge α and β on the two entanglement cuts surrounded by Ω 2 and Ω 2 in Fig.8a . This observation follows from SSA, ω 2 and Ω 2 .
From Ω 2 and Ω 5 one can show
Given the information convex structure in Ω 5 , one could find explicitly construct σ
by maximizing the entanglement and find
and σ 
since F (α) is real, e F (α) ∈ (0, +∞). It is known that this equation has a unique solution with such property, i.e. e F (α) = d α , where d α is the boundary quantum dimension uniquely defined given N γ αβ . See Appendix C for a self-contained version of the proof using a small amount of assumptions about fusion properties, which applies to both the bulk and the gapped boundary. Therefore, we have obtained the value of the universal topological contribution
To summarize, we have derived the ln d α topological contribution of von Neumann entropy as the only consistent value given assumptions ω 2 , Ω 2 , Ω 5 and proposition IV.1 (which will be proved using G2, S2 and Ω 2 ). We have also derived the explicit form of density matrix of σ
in Eq.(38) with
Later on, it will be interpreted as the fusion probability of boundary topological excitations, see Sec.VI C. The key of the proof is the saturation of SSA and the structure of information convex.
V. CONDENSATION FROM THE BULK TO A GAPPED BOUNDARY
In this section, we explore what the information convex combined with SSA tell us about the anyon condensation to a gapped boundary. Very similar to bulk fusion rule Eq.(16) and boundary fusion rule Eq.(31) one can write the condensation rule as
Physically, the condensation rule encodes the possible results α when we push a anyon a to a gapped boundary.
Here a is a bulk anyon and α is a boundary topological excitation. N α a is a nonnegative integer. Explicitly, we consider a subsystem of Ω 6 topology and introduce two corresponding assumptions Ω 6 and proposition V.1. Then we apply this new assumption together with a few other assumptions ω 1 , Ω 1 , ω 2 , Ω 2 introduced earlier to compute two main results. The first one is a derivation of an equality
The second one is the P (a,α) in Eq.(56), which will be physically interpreted in Sec.VI C as the probability of an anyon a which had never seen a boundary before (created by a pure bulk string) to condense into boundary topological excitation α after moving to the gapped boundary.
FIG. 9:
A sketch of subsystem Ω6. It is a connected subsystem with two entanglement cuts, one in the bulk and another touches the gapped boundary. Also illustrated is the corresponding information convex Σ(Ω6). It has extremal points forming a manifold M = ∪ (a,α) M (a,α) .
A. Preparing for the derivation
Assumption Ω 6 . Let Ω 6 be a connected subsystem with two entanglement cuts, one in the bulk and another touches the gapped boundary, see in Fig.9 . Its information convex Σ(Ω 6 ) has the following structure:
The set of extremal points of Σ(Ω 6 ) form a manifold M = (a,α) M (a,α) . Each M (a,α) with N α a = 0 is a connected component of M . Let Σ (a,α) be the convex subset of Σ(Ω 6 ) formed by convex combination of extremal points in M (a,α) .
When taking trace to reduce σ (a,α)x Ω6
∈ Σ (a,α) to Ω 1 surrounding the entanglement cut in the bulk, see Fig.10a , we get the extremal point σ a Ω1 ∈ Σ(Ω 1 ). When taking trace to reduce σ (a,α)x Ω6 ∈ Σ (a,α) to Ω 2 surrounding the entanglement cut touching the gapped boundary, see Fig.10a , we get the extremal point σ α Ω2 ∈ Σ(Ω 2 ).
Density matrix σ (a,α)x Ω6
∈ Σ (a,α) has one to one correspondence withσ (a,α)x , a density matrix on a Hilbert
correspond to the pure state density matrices on H (a,α) . The mapping preserves the convex structure, i.e. p σ (a,α)x Ω6
Here σ 1 Ω6 is short for the unique σ • It saturates the conditional mutual information
The proof of proposition V.1 will be presented in Sec.VI. The proof also leads to an identification of condensation probability. For now, we just point out that the proof uses G3, S1, Ω 1 and SSA.
B. The derivation of da
Then, from the information convex structure Ω 6 , one could find an explicit expression of the element
with
and σ
is the maximally entangled element in
Ω6 is unique. The von Neumann entropy 
This condition is known in certain class of models [18] . It is interesting to see how it emerge from our method. Now we can rewrite P (a,α) as
We will later give P (a,α) a physical interpretation as the probability of an anyon a which has never seen a gapped boundary before (created by a bulk string) to condense into α. See Sec.VI C for more details.
VI. SOME PROOFS, PROBABILITIES, CIRCUIT DEPTH AND MORE
In this section, we will give proofs to proposition III.1, IV.1 and V.1 using SSA and some of the assumptions discussed in early sections. This section also includes a physical meaning of P (a,b,c) =
as the probability of a pair of anyon (a, b) which have never meet each other to be fused into c and a proof of the fact that a unitary string U (a,ā) which creates a pair of anyon (a,ā) could not be realized by a finite depth quantum circuit if a is nonAbelian. Also discussed are the corresponding results for boundary topological excitations and the condensation from bulk to boundary. In particular, we give physical interpretation to P (α,β,γ) = N γ αβ dγ dαd β and P (a,α) = N α a dα da . We also explain that for non-Abelian boundary topological excitation pair, U (α,ᾱ) cannot be a quantum circuit with depth smaller than the distance separates α and α. Finally, we discuss some more results which rely on a powerful result to merge local quantum Markov states into global ones and an argument to identify the global quantum Markov state with an element in certain information convex.
A. Some useful facts about conditional mutual information
Recall that the definition of conditional mutual information is
(57) and SSA [22] is the statement that I(A : C|B) ρ ≥ 0 for any ρ ABC . We say ρ ABC saturates SSA if I(A : C|B) ρ = 0.
Some basic properties of conditional mutual information for a general state are the following.
• Let A = A 1 A 2 and C = C 1 C 2 , then
• If σ and σ are related by unitary transformations on individual subsystems, i.e.
Inequalities Eq.(58,59) could be proved using SSA. For a density matrix ρ saturating the SSA, I(A : C|B) ρ = 0 and the inequalities above become equalities, i.e.
I(A
These equalities could also be conveniently proved using the explicit structure of density matrix saturating SSA [28] .
B. The proof of III.1, IV.1 and V.1
In this subsection, we give the proofs of propositions III.1, IV.1 and V.1 using assumptions about the ground state (G1, G2, G3) and the string operators which create the anyons or other topological excitations (S1, S2). The three proofs are quite similar, we choose to discuss the proof of proposition III.1 in details and then briefly discuss the proof of the other two propositions. ABC has topological charges a, b in the two holes and therefore, according to Ω 1 , it prepares extremal points on AB and BC. So, the density matrixσ
ABC satisfies the conditions required in proposition III.1. In other words, we have proved by explicit construction that the density matrix σ with properties required in proposition III.1 does exist. This is the end of the proof for proposition III.1.
This proof gives another physical construction of the density matrix σ Ω4 . After comparing it with the construction using the extremal points of Σ(Ω 4 ), in Eq. (23), one could identify the physical interpretation of P (a,b,c) . We will discuss this physical meaning in Sec.VI C.
The proof of proposition IV.1 is completely parallel given G2, S2, Ω 2 and the idea is illustrated in Fig.11b . Furthermore, the proof of proposition V.1 is also parallel given G3, S1, Ω 1 and the idea is illustrated in Fig.11c . Moreover, it is instructive to think through the fact that applying U (a,ᾱ) onto the ground state, (which is guaranteed to exist by S3) as is shown in Fig.10a , in general does not give us a state with vanishing conditional mutual information.
C. Fusion probability and condensation probability
In this subsection, we discuss the physical interpretation of the probability P (a,b,c) in Eq.(30) and very similar results for probabilities P (α,β,γ) in Eq.(44) and P (a,α) in Eq.(56).
Given the result f (a) = ln d a , P (a,b,c) can be written as
The physical interpretation of P (a,b,c) is the probability for a pair of anyon a, b which have never meet each other before (i.e. created by separated strings) to fuse into c.
This physical interpretation has been explored in literature, see [29] . The quantum informational consideration in this paper also fully determine this physical interpretation. It follows from two facts.
• σ
is the reduced density matrix of a state with (a,ā), (b,b) created by two separated unitary strings on the ground state, see Fig.11a .
• The restriction of σ (a,b) Ω4
onto Ω 1 shown in Fig.6a , we get
From the same reasoning, one arrives at the following physical interpretation of P (α,β,γ) . Recall that we could write
The physical interpretation of P (α,β,γ) is the probability of a pair of separately created boundary excitations α, β to fuse into γ. Here, we say a pair of boundary excitations are separately created if they are created by two separated unitary strings, as is shown in Fig.11b . Furthermore, shown by the same method, the probability
is the probability of a bulk anyon a which had never meet the boundary to condense into a boundary topological excitation α. Here, we say a bulk anyon had never meet the boundary before, if it is created by a unitary process involve only the bulk, e.g. the unitary bulk string in Fig.11c . As a counterexample, the anyon a in Fig.10a have seen the boundary.
D. Non-Abelian strings are not finite depth quantum circuits
In this subsection, we discuss the circuit depth of the unitary operators U (a,ā) and U (α,ᾱ) . These operators are guaranteed to exist by S1, S2. Circuit depth of a unitary operator a measure of how complex a unitary operation can be, from the viewpoint of a fixed basis (in this case the lattice in the real space). In general, we expect two states very different if one could only be transformed into another by a quantum circuit with large depth. Since transitions within a gapped phase can be very well approximated by finite depth quantum circuit, the circuit depth of certain unitary operator (either finite depth or a depth scale with some length scale) is a universal property of a gapped phase.
For an Abelian anyon a, the circuit depth of U (a,ā) is consistent with a finite depth quantum circuit. In fact, in many exactly solved models, an Abelian anyon string U (a,ā) can be created by a depth-1 quantum circuit, i.e. a product of local unitary operators acting on nonoverlapping links (or sites). Each of the local unitary operators acts on at most two nearby links (or sites). Therefore, within the same phase (related to the exactly solved model by a finite depth quantum circuit), the Abelian anyon string will always be a finite depth quantum circuit. Here the depth is independent of the string length or the distance separation of between the two anyons. However, we do not know whether Abelian strings are finite depth quantum circuit in general.
In this subsection, we give a concrete answer for nonAbelian anyon strings. We will show that the circuit depth of a non-Abelian anyon string is at least linear to the distance separation of the anyon pair. Let us consider the state with bulk string U (a,ā) and U (b,b) acting on a ground state shown in Fig.12a . The subsystems A, C and ABC are of the same topology, i.e. the topology of Ω 1 . According to previous discussion, the density matrices on A, C and ABC are the following mixture of different extremal points P (a,ā,c) )
The "=" in the 1st line follows from Ω 1 . The ">" in the 3rd line is because we consider a non-Abelian a. The "≥" in the 2nd line is due to I(A : C) ≥ 0 for any state. In fact, it could be replaced by "=" since it is known that I(A : C) σ c ABC = 0 for each extremal point (from topological field theory and replica trick [24] , and it is also possible to verify this result in lattice models). Nevertheless, we do not need this property in this proof.
On the other hand, from G0 the mutual information of a ground state
Comparing Eq. (73) with Eq. (74) we find that the mutual information I(A : C) is changed from zero to a positive number after applying the two unitary operators U (a,ā) . However, this could not be done by any quantum circuit with depth smaller than (l − )/2. Here l is the minimal lattice distance between A and C shown in Fig.12a . For a large separation between a andā, l can be (approximately) as large as the separation. In conclusion, we have proved that for a non-Abelian anyon a, the unitary operator U (a,ā) cannot be quantum circuit with depth independent of the separation between a andā. The circuit depth is at least linear in the distance.
A similar consideration establishes the fact that the unitary string operator U (α,ᾱ) could not be realized by a finite depth quantum circuit (whose depth does not grow with the separation between α andᾱ) if the boundary topological excitation α is non-Abelian. Instead, the circuit depth is at least linear in the distance between α and α. See, Fig12b.
We list a few more facts which could be similarly obtained:
• In the bulk while a local projective measurement (apply a local operator) could turn a superposition of topological charges into a single one, (say the measurement of the fusion outcome of a and b), the local measurement is not equivalent to a local unitary operation in a small region. The unitary operator relating the two states (before the measurement and after the measurement) is a quantum circuit with depth scales with the lattice distance between the anyon being measured and the its most nearby anyon. (attaches to the boundary) may correspond to a quantum circuit with the depth scale with l instead of L.
• Let us consider a pair of anyons (ā, a) created by a bulk string U (ā,a) , and let us assume thatā is deep inside the bulk and a is near a boundary. Then, it is possible to move a onto the boundary and turn it into α by some local operation, as long as α is in the condensation channel of a. The new quantum state corresponds to acting U (ā,α) onto the ground state. However, we should be aware that U (ā,a) and U (ā,α) are two very different unitary operators related by a quantum circuit depth linear in the separation between (ā, a) if a has more than one condensation channel.
• In some cases, a non-Abelian anyon could have Abelian boundary topological excitations in its condensation channel. On the other hand, according to Eq.(55), d a = α N α a d α it is impossible to condense an Abelian anyon into a non-Abelian boundary topological excitation. Now, suppose that α is in the condensation channel of a. We further assume α could be moved along the boundary by a finite depth quantum circuit. Then a pair (a,ᾱ) separated by a large distance, as is shown in Fig.13a , could be prepared by a quantum circuit depth scale with l, the distance between a and the boundary, rather than L, the separation between the two excitations. Similarly, in this example we could create a bulk (a,ā) pair separated by a large distance, as is shown in Fig.13b , with a quantum circuit depth scale with l the distance of the anyons to the boundary, which can be much smaller than L the separation between the two anyons.
E. Some more results based on the merging of quantum Markov states
In this subsection, we derive some more results using some deeper properties about quantum Markov states (QMSs). The method is is borrowed from [21] , in which the authors show how to merge local QMSs to a global state.
First, let us explain the definition. We refer to a density matrix ρ ABC as a QMS if I(A : C|B) ρ = 0.
For the subsystems A, B 1 B 2 , C in Fig.14 , the ground state density matrix σ 1 has the property that
With the above ground state properties and the construction in [21] , one could show that there exists a stateσ ABC such that:σ
Note that the above discussion applies to all the three cases Fig.14a, Fig.14b and Fig.14c .
For the subsystems A, B, C in Fig.15 . For each boundary superselection sector α, there exists a stateσ Since theσ ABC looks like a ground state locally, we argue that [31] it is an element in some information convex. Then, they have to be certain maximally entangled element. This leads to the following results.
• For Fig.14a , let ABC = Ω 1 , we havẽ
It has already been discussed in [8] .
• For Fig.14b , let ABC = Ω 2 , we havẽ
• For Fig.14c , let ABC = Ω 3 , (the one introduced in [8] ) we havẽ
• Very similarly, for Fig.15 , let ABC = Ω 6 , we havẽ
From these results, one could derive some equalities
• The universal topological entanglement entropy γ can be derived either from Ω 1 , Ω 2 or Ω 3 :
This tells us about a relation among bulk quantum dimensions, boundary quantum dimension and condensation multiplicity
• From Ω 6 we could further find In literatures people talk about operators and unitary operators. For examples, [9] defines topological excitations (or excitations in nontrivial superselection sectors) to be those excitations which could not be created by any local operator, and argued that topological excitations could be moved or created using operators acting on a string. For the string operators creating a pair of topological excitations, some references talk about unitary string operators, e.g. [8, 20] . This is because unitarity is useful in order to establish some quantum informational results. On the other hand, in many non-Abelian models, there are non-unitary string operators which could create a pair of topological excitations when acting on a ground state, a well-known example is the ribbon operators in non-Abelian quantum double models [30] .
In this appendix, we make clear the relation between these two seemingly different requirements. In particular, we will prove proposition A.1, which says that on a ground state satisfying G0, any operator supported on a subsystem could be replaced by a corresponding unitary operator supported on a slightly fatter subsystem (fatter by the scale in G0).
Proposition A.1. Let X be an operator supported on subsystem A. A is a subsystem fatter than A by the length scale . Here is the length scale required in G0 for I(A :Ā ) σ 1 = 0.Ā is the complement of A . σ 1 = |ψ ψ| and |ψ is the ground state. If X|ψ = 0, then there exists a unitary operator U (X) supported on A such that
for any |ψ satisfying G0. Here c is a complex number which fixes the normalization.
Proof. Let |ϕ(X) ≡ c · X|ψ and its density matrix
A X † is a reduced density matrix. In other words, |ϕ(X) and |ψ have the same reduced density matrix onĀ . It is known that any two pure states which have the same reduced density matrix on a subsystem must be related by a unitary transformation supported on the complement of the subsystem [29] . Therefore, there exists a unitary operator U (X) supported on A such that
To summarize, we have proved proposition A.1, which guarantees that any operator supported on a local region is equivalent to a corresponding unitary operator supported on a slightly fatter region when acting on a ground state satisfying G0.
Appendix B: Monotonicity of fidelity
In this appendix we give a short proof of the statement ρ AB · σ AB = 0 if ρ A · σ A = 0. In other words, two density matrices have orthogonal supports on AB if they have orthogonal support on A. While this result could be proved using straightforward calculation, we provide a proof based on the monotonicity of fidelity [29] . The advantage of this method is that it is applicable to situation with two density matrices approximately have orthogonal supports.
Given any two density matrices ρ and σ, the fidelity F (ρ, σ) is defined as F (ρ, σ) ≡ tr ρ The monotonicity of fidelity states that
F (ρ AB , σ AB ) = 0 is the only choice since it cannot be negative. Therefore, ρ AB · σ AB = 0.
quantum dimension from a set of assumptions listed below. This set of assumption is general enough to apply for bulk anyons and boundary topological excitations. In this proof, a key step is the Perron-Frobenius theorem for matrices with positive entries. • r is simple. In other words, it corresponds to a single 1 × 1 Jordan block.
• There exists a vector |v = (v 1 , · · · , v N ) T and |w = (w 1 , · · · , w N ) T , with real v i and real w i ∀i ∈ {1, · · · , N }, such that T |w = r |w (C1)
Such |v and |w are unique up to rescaling. Here " T " means transpose.
• |v is the only non-negative eigenvector of [A]. Similarly, |w is the only non-negative eigenvector of [A] T . Here, a non-negative eigenvector is an eigenvector with non-negative entries.
Next, we list some standard assumptions in fusion theory, which are needed in order to derive the existence and uniqueness of quantum dimension. The last assumption is not needed for the proof of existence and uniqueness but it is needed in order to show d j = dj and d j ≥ 1. 
Assumption F4. For each label i there exists a unique "antiparticle"ī such that:
Assumption F5. • From F1 we know that each [N i ] is a matrix with non-negative entries.
• It follows from F2 that
• From F1, F2, F3 and F4 one can show:
and it follows that [N (p)] is a matrix with positive entries. In other words, [N (p)] jk > 0, ∀ j, k.
• It follows from F1, F5 that 
The quantum dimension d i is the largest eigenvalue of [N i ]. Furthermore, {d i } is the unique set of positive numbers satisfying the following equation
The proof of C.2 follows from F1, F2, F3 and F4. In fact, these assumptions could be further relaxed if we just want to have a unique positive solution of Eq.(C13). 
Proof. It follows from two facts.
• The quantum dimension d i is the largest positive eigenvlue of [N i ], and dī is the largest positive eigenvalue of [Nī] .
• The fact that [Nī] = [N i ] T and therefore they have the same largest positive eigenvalue. In this step, F5 is used. We have finished the proof using assumptions F1, F2, F3, F4, F5.
Proposition C.4.
and d i > 1 if only if i andī has fusion channel other than the vacuum 1.
Proof. It follows from Eq.(C13) that
Then apply proposition C.3, we get d We have finished the proof using assumptions F1, F2, F3, F4, F5.
